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'/. The discrete finite Fourier transform ran be regarded as a matrix operation, since each clement of one member of the pair is a linear combination of all the elements of the other member. A remarkably simple relation between a periodic function of a discrete variable and its discrete finite Fourier transform, namely that the absolute values of their expansion coefficlenta in these eigenvectors are the same, has been demonstrated. A canonical form for such functions (v;ith respect to the Tinite Fourier transform) i^ 5Uj,gc3ted in which the transfOL&i can be done by inspection. 
for which the completeness-closure relation ii m=-oo X p (kAf) = I X(kAf + mNAf) (1.8) m= -oo where N is the number of sample points in x and X, and T ■ NAt. The form of (1.7) and (1.8) is obviously due to the aliasing in both time and frequency which occurs when x(t) and X(f) are sampled.
We define a matrix W: the value of which is well known (Erdelyi et al., 1955, section 17"6). Carlitz(1959) showed that a multiplicity rule for the eigenvalues can be derived from the fact that the characteristic polynomial of W is:
A simple way to see the multiplicity is to count the occurrences of each of the fourth roots of unity by ^ 1 or +^ i. We can get a set of these from the relationship (see Magnus et al., 1966) :
where Hj c (x) is the k'th Hermite polynomial
is a solution of the singular integral equation:
The functions (2.3) do not exhaust the solutions of (2.4), since there are infinitely many solutions for A = + 1: for example, u(t) = sech(TTt) satisfies (2.4) with X ■ 1, and in fact, if x(t) and X(f) are any Fourier transform pair, then
is a solution of equation (2.4), with X = a = ^ 1 if x(t) -x(-t) and with X --a =• + i if x(t) = -x(t).
is a solution of (2.4) with X • ♦ 1.
From equations (1.7) and (1.8) we see that eigenvectors of W which correspond to the functions iZ.Z) are: An easy way to see this general property follows from the fact that X = + 1, + i and We notice that in the discrete case the property (2.5) also holds true.
i _fa-MM..
There is an interesting relation between the eigenvectors of W and a function which occurs in number theory:
the Legendre-Jacobi symbol is defined as:
. 2 It can be shown that
(sH N)
for N E 1 (mod 4) (2.14)
for N H 3 (mod 4)
where EJJ is the vector space spanned by the eigenvectors associated with the eigenvalue X. •11- (mod 8). In the exceptional case the 4:1 ratio is reversed.
Relationship to theta functions
Writing out the quadratic factor in (2.6), we have:
Comparison with the theta function e 3 (z,t) = I e m =_oo
•Trm it + 2miz (5o2) (Bellman, 1961) shows that the eigenvectors (5.1) are a generalization of these theta functions for the particular arguments t = iN and z = iri j " As such they may be of mathematical interest.
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